Abstract. The dual modular propinquity is a complete metric, up to full modular quantum isometry, on the class metrized quantum vector bundles, i.e. of Hilbert modules endowed with a type of densely defined norm, called a D-norm, which generalize the operator norm given by a connection on a Riemannian manifold. The dual modular propinquity is weaker than the modular propinquity yet it is complete, which is the main purpose of its introduction. Moreover, we show that the modular propinquity can be extended to a larger class of objects which involve quantum compact metric spaces acting on metrized quantum vector bundles.
Introduction
The dual modular Gromov-Hausdorff propinquity extends the dual propinquity, itself a noncommutative analogue of the Gromov-Hausdorff distance for noncommutative geometry, to the class of metrized quantum vector bundles and metrical quantum vector bundles, which are modules over quantum compact metric spaces. The purpose for the introduction of this metric is at least two folds. First, our project in noncommutative geometry aims at providing an analytical framework for the study of theories in mathematical physics as objects in a larger space, endowed with at least a topology induced by metrics of the kind introduced here and along our work in [12, 9, 16, 13, 11, 19] . Second, and more practically, the metric in this manuscript is a complete metric up to full modular quantum isometry, dominated by the modular propinquity of [11] which we do not believe to be complete, and the dual modular propinquity is the foundation for our work on a Gromov-Hausdorff distance on spectral triples and other noncommutative differential structures, as discussed in [20] .
The construction of a Gromov-Hausdorff-like metric in noncommutative geometry presents several delicate issues. The general pattern consists in finding an appropriate notion of isometric embeddings for certain structures endowed with some metric, and then take the infimum over all such embeddings of a number meant to measure how apart the structures are. Finding the right notions to make the above scheme function is however not obvious in noncommutative geometry, where quantum spaces are described only via noncommutative algebras seen as analogues of algebras of functions with appropriate geometric or analytical properties. In particular, even if an abstract notion of isometric embedding seems suitable, it also is essential that some prescription on how to build such embeddings be a foundational component of our work. A pattern which has served us well is to first introduce rather specific means to tell how far two structures may be -we often call these means "bridges" -and use them to define a metric for which most of our examples are established. Bridges are not per say given by isometric embedding, one the surface at least. Then, once this first set of tools is proven to at least be usable, we proceed to define a more abstract metric which enjoys more pleasant properties, such as completeness, where explicit isometric embeddings are defined, usually under the terminology of "tunnels". The new, tunnel-based metric is more theoretically pleasing while always dominated by the bridge-based metric -because we prove that bridges do in fact provide explicit tunnels, and in fact it is how we usually prove convergence for either metrics. Both are essential to our work so far.
The resulting family of metrics, which we named the Gromov-Hausdorff propinquities, has been showed to enjoy various nice properties and applications. We know of several convergence and finite dimensional approximations results, such as the continuity of quantum tori and approximations of quantum tori by fuzzy tori [4, 7] (later on approached using our propinquity and different techniques in [22] , with potential connection to quantum information theory), continuity for families of AF algebras [13] , full matrix approximations of coadjoint orbits for semi-simple Lie groups [30] , continuity for conformal and other types of deformations [21] . We have a noncommutative analogue of Gromov's compactness theorem [8] and conditions for preservation of symmetries [15] . Our constructions have proven to be flexible enough to incorporate additional structures besides metric. Notably, we extended our propinquity to a covariant version [19, 17] defined on classes of quantum dynamical systems (i.e. proper metric semigroups and groups actions on quantum compact metric spaces), and, central to this work, modules [11, 14, 18, 24] .
We followed our pattern when working with quantum compact metric spaces, and then again with modules over quantum compact metric spaces. Defining convergence for modules over quantum metric spaces, or even classical metric spaces, is not a well explored issue, and thus progress in this direction is of evident interest in sight of the important role that modules play in noncommutative geometryand vector bundles play in classical geometry. Lacking a commutative model led us to first use our bridges between quantum compact metric spaces from [12] to define a sort of modular bridges between new structures called metrized quantum vector bundles, which are Hilbert modules over quantum compact metric spaces endowed with a particular norm [11] . We then were able to prove that such modular bridges allow to define a metric, the modular propinquity, for which we then were able to prove the continuity of the family of Heisenberg modules over quantum tori, which is a rather involved process. The modular propinquity, just as the quantum propinquity, is not known to be complete, and has a technical description involving finite paths made of bridges between modules, but it provides an explicit, core toolset to prove convergence of modules.
Yet, as a likely not complete metric based on paths of arbitrary lengths, the modular propinquity is less suited as a general analytical tool. Instead, as we have done before, we introduce a weaker metric on metrized quantum vector bundles, which is complete, and still a metric up to the same appropriate notion of isomorphism as the modular propinquity. Being complete, this new metric is a good analytical tool, where for instance, the study of compactness of classes of metrized quantum vector bundles becomes much more amenable, and we may hope to use of our metric to eventually prove the existence of certain spaces with desirable properties as limits of, say, finite dimensional physical models. Thus it is an important step for our program. This constitutes the initial theoretical value of the dual modular propinquity.
On a more immediate, practical level, we were motivated to define the modular propinquity to avoid the use of modular treks in [11] , because they would raise some technical difficulties in our definition of the Gromov-Hausdorff distance for spectral triples in [20] . We furthermore are not aware that a Gromov-Hausdorff distance on vector bundles of the kind presented here and in [11] , has been introduced even in the commutative setting, and thus we intend to pursue applications of the present work to the metric approach to Riemannian geometry in a future work. Last, we would note that the fact we are able to use patterns which have emerged through our research to build the dual modular propinquity which then enjoys the basic properties we wish for is a good sign. Together with analogue results concerning the covariant propinquity, this paper reflects that our general approach to noncommutative metric geometry seems to bear fruits.
We begin this paper with the necessary framework of noncommutative metric geometry, starting with the notion of a quantum compact metric space, and moving quickly to metrized quantum vector bundles. In working on this paper, we noticed that we could actually relax one condition from our original definition of metrized quantum vector bundles in [11] . This turns out to be a valuable observation, as elements of the proof in [11] which relied on this now extra, redundant condition when working with metrized quantum vector bundles can be recycled to extend the dual-modular propinquity to a much larger class of objects which we call metrical quantum vector bundles, which play the key role in our work on the convergence of spectral triples in [20] . Informally, metrical quantum vector bundles consist of a quantum compact metric space acting on a left module which is also a metrized quantum vector bundle over a different quantum compact metric space.
We then define the dual modular propinquity for metrized quantum vector bundles. As we discussed previously, we introduce a notion of modular tunnels, and prove that modular bridges in the sense of [11] provide such modular tunnels. Interestingly, the metrized quantum vector bundles constructed from modular bridges do not meet our old definition in [11] though they do meet our relaxed notion in this paper. We also prove that modular tunnels can be almost composed, in the spirit of [16] , which allows us to show that the dual-modular propinquity is at least a pseudo-metric on the class of metrized quantum vector bundles. We then proceed to prove that our new metric is indeed a metric up to full modular quantum isometry, as desired. The proof follows a scheme similar to [11] , to which we refer whenever appropriate. However, we take care to include enough information to show how we can circumvent the now missing condition from our updated definition of metrized quantum vector bundles.
We then extend our work to metrical quantum vector bundles -since these structures extend metrized quantum vector bundles. As will be the pattern in this paper, we prefer to provide detailed proofs for metrized quantum vector bundles and then only indicate what needs to be added in order to work with metrical quantum vector bundles, so that notations remain simple. In general, this extension process is actually the easier part of this work, which is actually a rather reassuring observation that our definition is sensible.
The last section of this paper discusses completeness for the dual-modular propinquity. We start from the conclusion of [9] and proceed to show that the dualmodular propinquity is a complete metric, and remains so when extended to metrical quantum vector bundles. This is the property which largely justifies the introduction of the dual-modular propinquity in general.
Metrized and Metrical Quantum Vector Bundles
Noncommutative metric geometry is the study of noncommutative analogues of the algebras of Lipschitz functions over metric spaces. We call these analogues quantum compact metric spaces. This term appeared in [3] , and our current definition is the result of an evolution [26, 27, 29, 12, 13] , led by the needs of our work to both include as many valuable examples as possible while being a solid foundation for the rest of our work. Quantum Compact metric spaces are pairs of a unital C*-algebra A and a noncommutative Lipschitz seminorms, which means a seminorm which induces by duality a metric for the weak* topology of the state space S (A), while satisfying some form of a Leibniz inequality, parametrized by so-called permissible functions.
Notation 2.1. We denote the norm of any vector space E by · E unless otherwise specified.
If A is a unital C*-algebra, then we denote its state space as S (A), its space {a ∈ A : a * = a} of self-adjoint elements by sa (A), and its unit by 1 A . Moreover, if a ∈ A, we denote its real part 1 2 (a + a * ) as ℜa and its imaginary part 1 2i (a − a * ) as ℑa. A quick computation shows that for all a ∈ A:
is permissible when it is weakly increasing from [0, ∞) 4 endowed with the product order, and such that:
, where F is a permissible function, is a unital C*-algebra A, a seminorm L defined on a dense Jordan-Lie subalgebra dom (L) of sa (A) and a function F :
the Monge-Kantorovich metric mk L defined between any two states ϕ, ψ ∈ S (A) by:
metrizes the weak* topology on S (A), (3) L is lower semi-continuous with respect to
There are many examples of quantum compact metric spaces: besides all compact metric spaces, noncommutative examples include quantum tori [26, 28] , curved quantum tori [21] , hyperbolic group C*-algebras [23] , nilpotent group C*-algebras [2] , AF algebras [13], noncommutative solenoids [10], Podlès spheres [1] , and more. Some of these examples, such as AF algebras [8] , are quasi-Leibniz but not Leibniz. A locally compact theory has emerged [5, 6] , though this paper focuses on the compact theory.
In this paper, we are concerned with the study of appropriate classes of modules over quantum compact metric spaces. Appropriate here will mean that they are endowed with some metric structure, in a manner inspired by the definition of quantum compact metric spaces. As discussed in [11], our model is given by hermitian C-vector bundles over Riemannian manifolds, endowed with a choice of a metric connection. The module of continuous sections of a hermitian vector bundle over a compact manifold is naturally a Hilbert module over the C*-algebra of continuous functions over its base, where Hilbert modules are defined as follows.
Definition 2.4 ([25])
. A Hilbert module (M , ·, · A ) over a C*-algebra A is a left A-module, and a C-bilinear map:
We will use the following natural notion of a morphism of module, allowing for base algebra changes. Definition 2.6. Let A and B be two unital C*-algebra. A module morphism (θ, Θ) from a left A-module M to a left B-module N is a unital *-morphism θ : A → B and a linear map Θ : M → N such that:
A Hilbert module isomorphism (θ, Θ) is a Hilbert module morphism where θ and Θ are both bijections.
We note that by a standard argument, if (θ, Θ) is a Hilbert module isomorphism, then (θ −1 , Θ −1 ) is also a Hilbert module isomorphism. A metrized quantum vector bundle is a Hilbert module over a quantum compact metric space which is, in addition, equipped with a kind of norm which captures some of the metric information encoded, for instance, in a connection over a Hermitian bundle, as explained in [11, Example 3.10]. Definition 2.7. A pair (F, H) of functions is permissible when F is permissible and H : [0, ∞) 2 → [0, ∞) which is weakly increasing from [0, ∞) 2 endowed with the product order, and such that:
where (F, H) is a permissible pair of functions, is given by:
Definition (2.8) is a relaxed version of [11, Definition 3.8], where we removed the so-called modular quasi-Leibniz requirement on D-norms. There are two reasons to do so. First, we will see that we do not require it for our construction -or for the constructions in [11] for that matter. Second, modular tunnels obtained from modular bridges will not satisfy this extra condition. Nonetheless, we will return to this matter when working with metrical quantum vector bundles below.
For our purpose, the proper notion of morphisms, and isomorphisms, for metrized quantum vector bundles is given as follows:
be two metrized quantum vector bundles. An modular quantum isometry (θ, Θ) from A to B is given by a Hilbert module morphism (θ, Θ) :
for all ω ∈ N , we have:
A full modular quantum isometry (θ, Θ) from A to B is a Hilbert module isomorphism from (M , ·, · M ) to (N , ·, · N ) such that θ is a full quantum isometry, and
be two metrized quantum vector bundles and (θ, Θ) a modular quantum isometry from A to A. Let ω ∈ dom (D N ). By Definition (2.9), for all n ∈ N, there exists
is compact, we then concludes that there exists a subsequence of (η n ) n∈N converging to some η; by lower semi-continuity of D M , we have D M (η) D N (ω), while by continuity of Θ, we have Θ(η) = ω -the latter implying that D N (ω) D N (η) by Definition (2.9).
Hence we have shown that for all ω ∈ dom (D N ), there exists η ∈ M such that
The same reasoning applies to prove that for all
Motivated by the study of convergence for spectral triples and other noncommutative differential structures, we wish to be able to work with a somewhat more general structure than metrized quantum vector bundles where a quantum compact metric space acts on a module which is not a Hilbert module for this actionyet is a Hilbert module over another quantum compact metric space [20] . We are led to the following definition (where incidentally, the condition which we removed from the definition of metrized quantum vector bundle in [11, Definition 3.8] now re-appears). endowed with the product order, and such that:
a unital *-morphism from B to the C*-algebra of adjoinable operators on M -we will regard M as a left B-module with no explicit notation for this *-homomorphism,
is a metrical quantum vector bundle then note that for all ω ∈ M and b ∈ B, we have bω M b B ω M by Definition (2.12).
For clarity, we find it helpful to follow a pattern in this paper whereby we first establish definitions and results for metrized quantum vector bundles and then extend them to metrical quantum vector bundles.
Our focus is to turn the class of quantum compact metric spaces, metrized quantum vector bundles and even metrical quantum vector bundles into metric spaces, so that we can study these objects using such techniques as topological approximations. We begin by recalling from [12, 9, 16, 13] how to do so for quantum compact metric spaces, leading to the introduction of the dual Gromov-Hausdorff propinquity.
We associate to tunnels a number meant to measure how far apart its domain and codomain are.
We have actually some choice regarding what collection of tunnels we use to define the dual propinquity, though some compatibility is needed. We will use the following notion introduced in [16] .
Theorem-Definition 2.16 ([16], [13] ). Let F be a permissible function. The class of all F -tunnels is appropriate for the class of all F -quasi-Leibniz quantum compact metric spaces, where a class T of F -tunnels is appropriate with a nonempty class C of F -quasi-Leibniz quantum compact metric spaces when:
(
if A, B ∈ Q then there exists a modular tunnel τ in T from A to B, (3) if A and B are in C and if there exists a full quantum isometry Θ : A → B, then the tunnel (A, id, Θ) is in T -where id is the identity *-automorphism on A,
Notation 2.17. If T is a class of tunnels appropriate with a nonempty class C of F -quasi-Leibniz quantum compact metric spaces for some permissible function F , then the set of all tunnels from A ∈ C to B ∈ C in T is:
In this paper, we will define and work with various pseudo-metric, defined on classes of objects in certain categories, where distance zero between any two objects for these pseudo-metrics is equivalent to the existence of an isomorphism between these objects. We introduce a convention which is a small abuse of the term "metric" but will make our exposition clearer. Convention 2.18. Let ≡ be an equivalence relation on a class C. A pseudo-metric δ on a class C is called a metric up to ≡ when δ(x, y) = 0 if and only if x ≡ y for all x, y ∈ C. In practice, ≡ will often be the equivalence relation defined by some choice of isomorphisms, typically some notion of full quantum isometry.
The dual propinquity is our main tool for our research.
Theorem-Definition 2.19 ([9, 16, 13]). Let F be a permissible function and C be a nonempty class of F -quasi-Leibniz quantum compact metric spaces. Let T be an appropriate class of tunnels for C. If, for any two (A 1 , L 1 ) and (A 2 , L 2 ) in C, we define:
T is a complete metric on the class of F -quasi-Leibniz quantum compact metric spaces up to full quantum isometry, called the dual Gromov-Hausdorff propinquity.
If F is some permissible function, and if T is the class of all possible tunnels on the class F of all F -quantum compact metric spaces, the dual propinquity Λ * T on F is simply denoted as Λ * T . The question naturally arises: how to construct tunnels? The technique which has proven helpful in our program consists in introducing the following notion of a bridge. (1) a unital C*-algebra D, (2) x ∈ D such that:
A bridge does give rise to a tunnel as follows:
L-seminorms on A 1 and A 2 respectively, and if we define:
(1) the height ς (γ|L 1 , L 2 ) of γ as:
Haus
where
In [11], we extended the idea of a bridge to modular bridges between metrized quantum vector bundles, as follows.
, and for all j ∈ J:
The family (ω j ) j∈J is the family of anchors of γ, while (η j ) j∈J is the family of co-anchors of γ.
As with bridges between unital C*-algebras [12], there is a mean to quantify a modular bridge and use this quantification to define a modular version of the propinquity [11] . To this end, it is helpful to introduce a distance on the underlying module of a metrized quantum vector bundle. 
is a metrized quantum vector bundle, then k D is a metric whose topology on M is the A-weak topology, i.e. the initial topology for { ·, ω M : ω ∈ M }. Moreover, when restricted to the unit ball of D, both · M and k D induce the same topology.
We then defined a modular propinquity between metrized quantum vector bundles.
a bridge from A to B. We define:
(1) the imprint ̟ (γ) of γ is:
where:
The modular propinquity [11] is the largest pseudo-metric on metrized quantum vector bundles such that if A and B are (F, H)-metrized quantum vector bundles, and if γ is a modular bridge form A to B, then Λ * mod
. We proved in [11] that the modular propinquity is a metric up to full modular quantum isometry on a large class of metrized quantum vector bundles, and we showed in particular in [15, 18] that Heisenberg modules over quantum 2-tori form continuous families for this metric. However, just as with the quantum propinquity for quantum compact metric spaces, of which the modular propinquity is the modular analogue, we do not know whether the modular propinquity is complete, thus complicating the study of its geometric and topological properties. Moreover, its definition involves paths of modular bridges, which is sometimes difficult to work with.
We now present how to define a dual-modular propinquity, which, we will prove, is a complete metric, still up to full modular quantum isometry, and whose construction can be extended to differential structures, such as spectral triples [20] . The dual modular propinquity dominates the modular propinquity while having a more flexible construction.
The dual modular Propinquity for metrized quantum vector bundles
The basic ingredient for the construction of the dual-modular propinquity is the notion of a modular tunnel -the construct analogue to an isometric embedding in the construction of the Gromov-Hausdorff distance. 
Notation 3.2. Let (F, H) be a pair of permissible functions, and let A, B and D be three (F, H)-metrized quantum vector bundles, with respective base quantum
We associate a value to any modular tunnel. In fact, it is very notable, and comforting, that we simply use the same notion as for a regular tunnel. The first problem to address is to find a good source of modular tunnels. We now prove that tunnels can be constructed from the type of modular bridges at the basis of [11] , whose definition we recalled as Definition (2.22) . To this end, we make two remarks. First, our construction below does not, as far as we can tell, satisfy all the needed conditions to obtain a metrized quantum vector bundle in the sense of [11], though of course it meets the more relaxed Definition (2.8) we now use. This is not a small part of our decision to relax our definition.
Second of all, we note that given any modular bridge γ, there always exists a modular bridge between the same domains and codomains as γ, which has at most the same length as γ, yet involve convex, balanced sets of anchors and co-anchors.
be two metrized quantum vector bundles.
Let γ = (D, x, π A , π B , (ω j ) j∈J , (η j ) j∈J ) be a modular bridge from A to B of length λ. We define:
is the set of J-indexed families valued in [0, 1] with only finitely many nonzero value. For all α = (t j ) j∈J ∈ I(J), we set:
is a modular bridge from A to B whose length is at most λ, and with the same basic bridge and decknorm as γ. Moreover, {ω α : α ∈ I(J)} and {η α : α ∈ I(J)} are two convex, balanced sets.
Proof. Let α = (t j ) j∈J ∈ I(J). We then check:
Since {ω j : j ∈ J} ⊆ {ω α : α ∈ I(J)} and {η j : j ∈ J} ⊆ {η α : α ∈ I(J)}, we conclude:
Moreover, for the same reason, we have dn γ (·, ·) dn co(γ) (·, ·). On the other hand, if ω ∈ M and η ∈ N :
; on the other hand:
By construction, the basic bridge of co (γ) is the basic bridge γ ♭ of γ. So
Therefore, λ ♯ (co (γ)) λ ♯ (γ) as desired. It is immediate to check that {ω α : α ∈ I(J)} and {η α : α ∈ I(J)} are two convex, balanced sets.
We now prove that modular tunnels can be built from modular bridges.
Notation 3.5. The closure of a subset A of a topological space is denoted by cl(A).
be a modular bridge from A to B of length λ and such that {ω j : j ∈ J} and {η j : j ∈ J} are convex balanced sets. Let ε 0 such that λ + ε > 0.
Let P = M ⊕ N , seen as an D = A ⊕ B Hilbert module using the left action:
and with inner product:
For all a ∈ dom (A), b ∈ dom (B), we set:
Let:
where the closure is for the norm · P , and let p be the Minkowsky gauge functional of the closed, balanced convex D.
We then set for all ω ∈ M , η ∈ N :
Proof. We begin with proving that D is indeed a (F, H)-metrized quantum vector bundle. It is immediate that (P, ·, · P ) is a Hilbert D-module, with (ω, η) P = max { ω M , η N } for all (ω, η) ∈ P. It is thus enough to check that D is indeed a D-norm.
To begin with, D is convex and closed by construction since the sets of anchors and co-anchors of γ are convex, and since 0 ∈ D, it is also balanced. Consequently, p is a lower, semi-continuous seminorm defined on the span of D, which contains
which is dense in P (note that D M and D N are indeed norms on their respective domains).
As the supremum of lower semi-continuous functions and continuous functions, D is lower semi-continuous. Now, by construction:
and the set on the right hand side is the product of two norm-compact sets, so it is itself norm-compact. Hence as a closed subset of a compact set, the unit ball of D is compact as well.
Furthermore, for all (ω, η) ∈ P, we have:
We now check that D has satisfies an appropriate form of the inner quasi-Leibniz inequality.
Let
We then compute (using x D = 1):
Since ε > 0 is arbitrary, we conclude:
, then by homogeneity:
, since ℜ is a linear contraction on any C*-algebra.
From this, and since A and B both satisfy the H-inner quasi-Leibniz inequality, we conclude that:
. Thus the inner quasi-Leibniz inequality holds for D and L. Note that it is important that we used the modular length of γ (rather than the length of its basic bridge) in the definition of L at this exact point.
Hence D is indeed a D-norm. Therefore (P, ·, · P , D, D, L) is indeed a metrized quantum vector bundle.
To now prove that τ is a modular tunnel, we first note that the basic tunnel (D, L D , θ A , θ B ) of τ is a tunnel of extent no more than λ + ε by [16] . It is therefore sufficient to prove that Θ A and Θ B are modular quantum isometries -the proof is identical for both maps, so we work with Θ A .
Thus τ is indeed a modular tunnel of extent no more than λ + ε. This concludes our proof.
The assumption of Theorem (3.6) that the sets of anchors and co-anchors should be convex and balanced can then be removed using Lemma (3.4). Proof. We apply Theorem (3.6) to the modular bridge co (γ) constructed from γ by Lemma (3.4).
A first, important corollary of Theorem (3.6), is that modular tunnels actually exist. 
then δ is a modular bridge with length at most:
By Theorem (3.6), we thus conclude that there exists a (F, H)-modular tunnel of extent at most max {2, diam (A, L A ), diam (B, L B )} constructed from γ.
We now describe another mean to construct modular tunnels, by almost composition of other modular tunnels. This construction will in fact ensures that our modular propinquity will satisfy the triangle inequality. The proof extends [16] . Theorem 3.10. Let A, B and E be three (F, H)-metrized quantum vector bundles.
Let B = P ⊕ R, see as a Hilbert D-module with the action:
and inner product:
We define, for all (ω, η) ∈ B:
, then D is a (F, H)-metrized quantum vector bundle, and τ is a modular tunnel from A to E of extent at most χ (τ 1 ) + χ (τ 2 ) + ε.
Proof. First, we note that for all (ω, η) ∈ B:
Moreover, dom (D) is obviously dense in B.
We now check the inner quasi-Leibniz condition. Let now (ω 1 , ω 2 ), (η 1 , η 2 ) ∈ B. To begin with:
Therefore, by definition (and using the linearity and contractive property of ℜ and ℑ on any C*-algebra):
and similarly, L (ℜ (ω 1 , ω 2 ), (η 1 , η 2 ) B ) H(D(ω 1 , ω 2 ), D(η 1 , η 2 ) ).
By construction, D is lower semi-continuous since D 1 and D 2 are. Moreover, the unit ball of D is a (closed, by lower semi-continuity) subset of the product {ω ∈ P : D 1 (ω) 1} × {ω ∈ Q : D 2 (ω) 1} of compact sets, and so it is compact.
Thus D is indeed a (F, H)-metrized quantum vector bundle. Let now ω ∈ P. Since τ 2 is a modular tunnel, there exists η ∈ R with
Modular tunnels, via their extent, allow us to quantify how far apart two metrized quantum vector bundles may be, and it is natural to define our prospective metric as the infimum of the extents of all possible tunnels between two given metrized quantum vector bundles. As is customary with our work on the propinquity, we allow for more restrictive choices of the class of modular tunnels involved in the definition of our metric, as long as such restriction meets the following condition.
Definition 3.11. Let Q be a nonempty class of (F, H)-metrized quantum vector bundles. A class T of modular tunnels is appropriate for Q when: 
We record that the most natural choices of classes of tunnels are in fact appropriate for the natural classes of metrized quantum vector bundles: Proposition 3.12. The class of all (F, H)-modular tunnels is appropriate for the class of all (F, H)-metrized quantum vector bundles.
Proof. All properties of Definition (3.11) are obvious except for Assertion (5), which is established by Theorem (3.10).
It is convenient to introduce a simple notation when working with classes of modular tunnels. Notation 3.13. Let C be a nonempty class of (F, H)-metrized quantum vector bundles and T be a class of modular tunnels appropriate for C.
Let A and B be two (F, H)-metrized quantum vector bundles in C. The set of all (F, H)-modular tunnels from A to B in T is denoted by:
In particular, the class of all (F, H)-tunnels from A to B, with no restriction that they belong to T , is denoted by:
We now define the titular object of this paper: the dual modular propinquity between metrized quantum vector bundles.
Definition 3.14. Let C be a nonempty class of (F, H)-metrized quantum vector bundles, for some permissible pair (F, H) of functions, and T be a class of modular tunnels appropriate for C.
The T -dual modular Gromov-Hausdorff propinquity Λ * mod T (A, B) between A, B ∈ C is the nonnegative number:
Notation 3.15. For any permissible pair (F, H), the dual-modular propinquity
, where T is the class of all (F, H)-modular tunnels, is simply denoted by Λ * mod
Our work so far ensures that the dual-modular propinquity is a pseudo-metric. 
Moreover, we also record that for any permissible pair (F, H) and for all (F, H)-metrized quantum vector bundles A, B: H (A, B) . Proof. The first four properties listed in this proposition reflects the properties defining a appropriate class from Definition (3.11).
Let ε > 0. There exists a modular tunnel τ 1 from A to B and a tunnel τ 2 from B to E such that:
Then, since χ τ
= χ (τ 1 ), we have:
and thus Λ * mod T (B, A) Λ * mod T (A, B) as ε > 0 is arbitrary. Thus (1) follows by symmetry.
Similarly, by Definition (3.11), there exists τ ∈ T from A to D with extent at most χ (τ 1 ) + χ (τ 2 ) + ε 3 . Hence:
Again, as ε > 0 is arbitrary, it follows that (2) holds. Now, assume that (π, Π) is a full modular quantum isometry form A to B and write A = (M , ·, · M , D, A, L). Then we note that τ = (A, (π, Π), (id A , id M )) ∈ T by Definition (3.11), where id E is the identity map map of any set E. Now, τ ♭ is of the form (A, L, π, id A ), which has extent 0 (since π is a full quantum isometry). Thus (3) holds.
Further, it is a straightforward check that T ′ as defined is indeed a class of tunnels appropriate for the class of all base spaces of metrized quantum vector bundles in C, and since the extent of a modular tunnel is the extent of its base tunnel, (4) holds as well.
Assertion (5) follows from Corollary (3.9), and thus we obtain the desired bound. Assertion (6) follows from Corollary (3.7) of Theorem (3.6) since Λ * mod T satisfies the triangle inequality.
If Λ * mod T (A, B) = 0 then the base spaces of A and B are fully quantum isometric by [9] and Assertion (4) of Proposition (3.16). We want to prove that in fact, under this condition, more is true: A and B are fully modular-quantum isometric. To this end, as in [12, 9, 11, 18], we study the morphism-like properties of the target sets defined using modular tunnels over modules.
be two metrized quantum vector bundles. Let τ be a modular tunnel from A to B.
For any a ∈ dom (L A ) and l L A (a), the l-target set t τ (a|l) is t τ ♭ (a|l), i.e.:
, the l-target set of ω is the subset of N defined by:
Proof. We apply [16, Proposition 2.12] to [9, Proposition 4.4].
We now can establish the morphism-like properties of the target sets as set-valued functions defined on modules.
In particular:
We also have for all t ∈ C:
Last, if b ∈ t τ ( ω, ω M |H(l, l)) and if η ∈ t τ (ω|l) then:
A ({ω}) with D(ξ) l such that Θ B (ξ) = η, and similarly, let ξ
We have:
Moreover by linearity:
We then conclude by Proposition (3.18):
Now, the same as above applies to conclude that:
Hence we conclude:
In particular, if ω = ω ′ , we then have:
We now check the algebraic properties of the target sets. Let t ∈ C. We note that D(ξ + tξ ′ ) (1 + |t|)l, while Θ A (ξ + tξ ′ ) = ω + tω ′ and Θ B (ξ + tξ ′ ) = η + tη ′ by linearity. Hence by definition, η + tη ′ ∈ t τ (ω + tω ′ |l(1 + |t|)) as desired. Last, we observe that ω, ω A ∈ sa (A) with L A ( ω, ω A ) H(l, l), and η,
Therefore if b ∈ t τ ( ω, ω A |H(l, l)) then by Proposition (3.18):
This concludes our proof.
We also record that target sets are topologically small, i.e. formally, compact, while also not empty. 
Proof. Write τ = (D, (θ
A ({ω}) ∩ {η ∈ P : D D (η) l} is compact in P and not empty. As Θ B is continuous, we conclude that indeed t τ (ω|l) is nonempty, compact in N .
We are now able to prove our main theorem for this section.
Theorem 3.21. Let (F, H) be a pair of permissible functions. Let C be a nonempty class of (F, H)-metrized quantum vector bundles and let T be a class of tunnels appropriate for C.
The dual modular T -propinquity Λ * mod T is a metric, up to full quantum isometry on C.
Proof. Proposition (3.16) gives us that the dual modular propinquity is a pseudometric. We are left to prove that distance zero implies full modular quantum isometry.
Let 
We now turn to working with the modules. First, let ω ∈ dom (D M ), and let l D M (ω). Let g : N → N be any strictly increasing function. By Proposition (3.20), the sequence (t τ f (g(n)) (ω|l)) n∈N is a sequence of nonempty compact subsets of the
Hence, there exists a converging subsequence (t τ f (g(h(n))) (ω|l)) n∈N converging to some nonempty set L for the Hausdorff distance Haus k D M -since the space of closed subsets of a compact metric space is compact for the induced Hausdorff distance. By Proposition (3.19), the diameter of L is the limit of Since (t τ f (g(h(n))) (ω|l)) n∈N lies inside B l = {η ∈ N : D N (η) l}, we can conclude that (t τ f (g(h(n))) (ω|l)) n∈N converges to the singleton L for Haus · N as well.
As {ω ∈ M : D(ω) 1} is compact for the norm · M , we conclude that it is separable. Therefore, so is dom (
We can then use a diagonal argument (similar to, for instance, [11, Claim 6.14]) to conclude that there exists a strictly increasing function g : N → N such that for all k ∈ N, the sequence
, to a singleton which we denote {Θ(ω k )}. By [11, Claim 6.13], we then conclude that for all k ∈ N and l D M (ω k ), the sequence t τ f (g(n)) ω k l n∈N still converges to {Θ(ω k )} for Haus k D M and therefore, as discussed before, for Haus · N .
We can now prove that, in fact, for all ω ∈ dom (D M ) and for all l D M (ω), the sequence t τ f (g(n)) (ω|l) n∈N converges to a singleton for Haus · N . Indeed, let ε > 0. There exists, by density, k ∈ N such that:
There also exists N ∈ N such that for all n N , we have λ τ f (g(n))
. By Proposition (3.19), we then note that for all n ∈ N:
Therefore, for all p, q N , we conclude:
Now, the sequence t τ f (g(n)) ω k l n∈N is convergent, hence Cauchy, for k D N . Hence, there exists N 2 ∈ N such that if p, q N 2 then:
Thus, for all p, q max{N, N 2 }, we conclude:
Now, {η ∈ N : D N (η) l}, is compact, therefore complete, for k D N by Proposition (2.24). Therefore, Haus k D N is complete on the collection of nonempty closed subsets of {η ∈ N : D N (η) l}. As a Cauchy sequence in that space, t τ f (g(n)) (ω|l) n∈N therefore converges for Haus k D N since the Hausdorff distance induced by a complete metric is itself complete. By Proposition (3.19), we conclude again that its limit is a singleton which we denote by {Θ(ω)}. By [11, Claim 6.13], we conclude that t τ f (g(n)) (ω|l ′ ) n∈N converges to the same singleton for all l ′ D M (ω). By topological equivalence again, we conclude that t τ f (g(n)) (ω|l ′ ) n∈N converges for
, the element Θ(ω) is the limit of any sequence of the form (η n ) n∈N with η n ∈ t τ f (n) (ω|l) for all n ∈ N by [11, Lemma 6.10]. This has several consequences. First, as D N is lower semi-continuous, we conclude that
. By uniqueness of the limit, we conclude that
Third, for each n ∈ N, let η n ∈ t τ f (g(n)) (ω|l) and b n ∈ t τ f (g(n)) ( ω, ω M |H(l, l)) for all n ∈ N. While (b n ) n∈N converges to θ( ω, ω M ) and (η n ) n∈N converges to Θ(ω), so that by continuity ( η n , η n N ) n∈N converges to Θ(ω), Θ(ω) N , by Proposition (3.19), we have lim n→∞ b n − η n , η n N B = 0. Therefore, again by uniqueness of the limit, θ( ω, ω M ) = Θ(ω), Θ(ω) N . Using the standard polarization identity, we thus obtain:
Moreover, we conclude from the identity θ( ω, ω M ) = Θ(ω), Θ(ω) N that Θ(ω) N = ω M since θ, as a *-automorphism, is an isometry from · A to · B . Therefore, Θ, as it is linear, is an isometry, and in particular, is uniformly continuous on dom (D M ) from · M to · N . It therefore admits a unique linear, continuous extension to M , which we continue to denote by Θ. By continuity of Θ, θ and the inner products, we then easily verify that:
We observe that unlike [11, Claim 6.19], we have not yet proven that (θ, Θ) is a module morphism. We will see later on that this holds true, but in quite a different way from our previous work, as it does not rely on Assertion (4) of [11, Proposition 6.7] which we do not have any longer. For now, let us observe the following -note that his is the only point in this proof where we use the fact that we work with an A-inner product ·, · A .
Let ω ∈ M and a ∈ A. Using what we have proven so far, in particular, that Θ preserves the inner product up to θ, and that θ is a *-automorphism, we see that for all ζ ∈ M :
Thus, it would be sufficient to show that Θ is onto to conclude that (θ, Θ) is a module morphism.
We now in fact prove that Θ is invertible. The entire work we have done so far can be done as well with the sequence of modular tunnels (τ −1 f (g(n)) ) n∈N . Thus, we would prove that there exists a C-linear map Π : N → M such that for all ω, η ∈ N :
noting in particular that Π is an isometry, and such that there exists a strictly increasing function h : N → N such that for all ω ∈ dom (D N ) and l D N (ω):
Our goal is to check that Π is the inverse of Θ. Let ω ∈ dom (D M ) with ω = 0 and l = D M (ω).
Let ε > 0. There exists N ∈ N such that for all n N :
(η|l). This is the key reason behind the desired result.
Using Proposition (3.19), we then estimate:
As ε > 0 is arbitrary, we conclude that Π(Θ(ω)) − ω M = 0, i.e. Π(Θ(ω)) = ω for all ω ∈ dom (D M ) (since Π(Θ(0)) = 0 by linearity). By continuity, we conclude that Π • Θ is the identity on M . We would prove similarly that Θ • Π is the identity on N .
In particular, since Θ is onto, we then conclude from Equality (3.1) that Θ(aω) = θ(a)Θ(ω) for all a ∈ A and ω ∈ M .
Moreover, for all ω ∈ dom (D M ):
Thus (θ, Θ) is indeed a full modular quantum isometry. This concludes our proof.
We conclude this section with some applications of our work so far. There is, by [11, Example 3.15], for any p ∈ N \ {0}, a natural function qvb (·) from F -quasi-Leibniz quantum compact metric spaces to (F, H)-metrized quantum vector bundle, where H : x, y → 8dF (x, y, x, y), defined by setting, for any F -quasiLeibniz quantum compact metric space (B, L B ) for all b 1 , . . . , b p , c 1 , . . . , c p ∈ B:
and then qvb (B,
. Proposition (3.16) and [11, Theorem 7.2] then implies the function qvb (·) is continuous from the class of F -quasi-Leibniz quantum compact metric spaces endowed with the quantum propinquity, to the class of (F, H)-metrized quantum vector bundles endowed with the dual modular propinquity. We may then naturally ask about convergence of free modules under the weaker condition of convergence of their base quantum space for the dual propinquity.
A first idea would be to start from a tunnel (D, L, π, ρ) with domain (A, L A ) and p ∈ N \ {0}, and then try to make a modular tunnel out of qvb (D, L). The natural surjections from D p to A p is given by π p , but we encounter a difficulty:
, and thus we can not expect π p to be a modular quantum isometry from D p to D p . We thus propose a modified version of this construction, borrowing heavily form [12, Section 7] though adapted to the dual propinquity. This technique may prove helpful in more general situations (for the dual propinquity or the dual modular propinquity) when natural morphisms are only "almost" quantum isometries.
, seen as a Hilbert E-module where E = A ⊕ D ⊕ B in the obvious way:
We set γ = 1 + 4pF (1 + 2λ, 1 + 2λ, 1, 1)λ where λ = χ (τ ). For all (ω, η, ζ) ∈ P, we define:
and for all (a, d, b) ∈ E, we define:
Standard arguments similar to the one in [16, Theorem 3.11] show that L thus defined on E is a F -quasi Leibniz L-seminorm on E. Similar argument to the proof of Theorem (3.10) prove that D is a D-norm, once we perform a direct computation to show that
We then define Θ A : (ω, η, ζ) ∈ P → ω ∈ A p and Θ B : (ω, η, ζ) ∈ P → ζ ∈ B p . We also define θ A : (a, d, b ) ∈ E → a ∈ A and θ B : (a, d, b ) ∈ E → b ∈ B. A direct computation shows that (θ A , Θ A ) and (θ B , Θ B ) are Hilbert module morphisms.
Let a ∈ sa (A). Since τ is a tunnel, there exists
, and π A (e j ) = ℜa j , π A (f j ) = ℑa j -which exists since τ is a tunnel. We also note that e
Hence, Θ A is a modular quantum isometry. The same holds for Θ B , so (P, ·, · P , D, E, L) is an (F, H)-modular tunnel. We can then compute, using techniques already encountered, that the extend of τ p is no more than:
Therefore, by continuity of F , and if we now set λ = Λ *
In particular, qvb (·) is continuous form the class of F -quasi-Leibniz quantum compact metric spaces endowed with the modular F -propinquity to the class of (F, H)-metrized quantum vector bundles endowed with the dual modular (F, H)-propinquity. 
A metrical tunnel (τ, τ ′ ) from A 1 to A 2 is given by:
♭ , where we write
We can extend the proof of Theorem (3.10) to metrical tunnels.
Proposition 4.4. Let A, B and E be three (F, G, H)-metrical quantum vector bundles and let (τ 1 , υ 1 ) and (τ 2 , υ 2 ) be two (F, G, H)-metrical tunnels, respectively from A to B and B to E. If ε > 0 then there exists a (F, G, H)-metrical tunnel from A to E whose extent is no more than χ (τ 1 ) + χ (τ 2 ) + ε.
Proof. We apply Theorem (3.10) to the modular tunnels τ 1 and τ 2 to obtain a modular tunnel τ from A ♭ to E ♭ of extent at most χ (τ 1 ) + χ (τ 2 ) + ε. We then apply [16, Theorem 3.1] to the tunnels υ 1 and υ 2 to obtain a tunnel υ from alt(A) to alt(B) with χ (υ) χ (τ 1 ) + χ (τ 2 ) + ε.
Writing
, Q 2 , µ, β) and υ = (D, Q, ., .), we then observe that the modular quasi-Leibniz relation holds:
It is then straightforward to check that (τ, υ) is the desired metrical tunnel.
We now define the metric analogue of the dual modular propinquity.
Definition 4.5. Let C be a nonempty class of (F, G, H)-metrical quantum vector bundles. A class T of (F, G, H)-tunnels is appropriate if:
(1) {τ : ∃υ (τ, υ) ∈ T } is appropriate for {E ♭ : E ∈ C}, (2) {υ : ∃τ (τ, υ) ∈ T } is appropriate for {alt(E) : E ∈ C}.
We immediately check that the class of all (F, G, H)-metrical tunnels is indeed appropriate for the class of all (F, G, H)-metrical quantum vector bundles. If A and B is a pair of (F, G, H)-metrical quantum vector bundles and T is a collection of (F, G, H)-metrical tunnels, we once again denote the class of all tunnels from A to B in T by Tunnels A T −→ B . Definition 4.6. Let C be a nonempty class of (F, G, H)-metrical quantum vector bundles and T a class of tunnels appropriate for C. The dual-metrical T -propinquity Λ * met T is defined for any A, B ∈ C by:
The dual metrical propinquity is a metric up to full metrical quantum isometry. To prove this, we make one observation. Proposition 4.7. Let (τ, υ) be a metric tunnel. If η ∈ t τ (ω|l) and b ∈ t υ (a|l ′ ) then:
Moreover, by Definition (2.12):
This concludes our proof by Definition (3.17).
Definition 4.8. Let A and B be two metrical quantum vector bundles. A full metrical quantum isometry (θ, Θ, π) is given by:
(1) a full modular quantum isometry (θ, Θ) from A ♭ to B ♭ , (2) a full quantum isometry π from alt(A) to alt(B) such that (π, Θ) is a module morphism.
Theorem 4.9. The dual metrical propinquity is a metric up to full metrical quantum isometry.
Proof. The dual metrical propinquity Λ * met T is a pseudo-metric on the class C by a similar argument as in Proposition (3.16). We thus focus on proving that distance zero implies the existence of a full metrical quantum isometry.
If Λ * met (A, B) = 0 then there exists a sequence of metrical tunnels (τ n , υ n ) n∈N with lim n→∞ χ (τ n , υ n ) = 0 -we may as well assume χ (τ n , υ n ) 1 for all n ∈ N. Using both [9] and the proof of Theorem (3.21), there exists a strictly increasing function f : N → N, a full modular quantum isometry (θ, Θ) and a full quantum isometry π such that:
let a ∈ sa (A ′ ) and ω ∈ M . If for all n ∈ N, we choose a n ∈ t υ f (n) (a ′ |L ′ A (a ′ )) and ω n ∈ t τn (ω|D M (ω)), then Proposition (4.7) applies to give us:
Since (a n ) n∈N converges to π(a), (ω n ) n∈N converges to Θ(ω) and a n ω n converges to Θ(aω), we conclude that π(a)Θ(ω) = Θ(aω).
By linearity and continuity, it then follows that π(a)Θ(ω) = Θ(aω) for all a ∈ A ′ and ω ∈ M , as desired. Thus (θ, Θ, π) is a full metrical quantum isometry from A to B.
Completeness
We prove that the dual-modular propinquity is complete, which is the main justification for its introduction. We begin by checking that taking a quotient of a D-norm gives a D-norm.
is a F -quasi-Leibniz quantum compact metric space, N is a Hilbert B-module, and (π, Π) is a surjective Hilbert module morphism from M to N such that π is a quantum isometry from (A, L) to (B, L B ), and if D ′ is defined as:
(in fact, these two sets are obviously equal). So D ′ has dense domain. It is a standard argument to show that CDN ′ is a norm on its domain since D is and Π is a C-linear map. Let ω ∈ N such that D ′ (η) 1. For all n ∈ N, there exists η n ∈ M such that Π(η n ) = ω and D(η n ) 1 + 1 n+1 . As {η ∈ M : D(η) 2} is compact, there exists a convergent subsequence (η f (n) ) n∈N to some η ∈ M ; by lower semi-continuity of D, we have D(η) 1, and by continuity of Π, we have Π(η) = ω. Therefore, the unit ball of D ′ is the image of the unit ball of D, and since the unit ball of D is compact and Π is continuous, the unit ball of D ′ is compact as well. Moreover, if ω ∈ N , then for any η ∈ Π −1 ({ω}), we have:
We then compute:
As ε > 0 is arbitrary, we conclude that:
Notation 5.2. Let (A j ) j∈J be a family of unital C*-algebras indexed by J. We denote by j∈J A j the C*-algebra:
for the norm (a j ) j∈J j∈J Aj = sup j∈J a j Aj . Theorem 5.3. The metric Λ * mod F,H is complete on the class of all (F, H)-metrized quantum vector bundles if F and H are continuous.
Proof. Let us be given a sequence
For each n ∈ N, let:
be a modular tunnel from A n to A n+1 with λ (τ n ) Λ * mod (A n , A n+1 ) + 1 2 n , where:
Fix N ∈ N, and denote by N N the subset {k ∈ N : k N } of N. We begin by recalling some constructions from [9] . Set:
. Let E n be the closure of S N in the C*-algebra n∈NN D n . By [9, Proposition 6.17], the pair (E N , S N ) is a F -quasi-Leibniz quantum compact metric space (the proof of [9, Proposition 6.17] applies to F -quasi-Leibniz when F is continuous as discussed in [13] ). We define the map π N : (d n ) n∈NN ∈ E N → θ N (d N ) ∈ A N . By [9, Corollary 6.9], the map π N is a quantum isometry from (E N , S N ) onto (A N , L N ) . Now, we define I N = (d n ) n∈NN : lim n→∞ d n Dn = 0 -note that I N is a closed, two sided ideal in E N . Let F N = E N I N and let Q N be the quotient seminorm of S N on F N . Using [9, Lemma 6.20, Lemma 6.21], we in fact know that (F N , Q N ) is a F -quasi-Leibniz quantum compact metric space which is fully quantum isometric to (F N +1 , Q N +1 ). It will be helpful to explicit the full quantum isometry for our purpose, so we present a construction here.
We note that m N is a *-epimorphism and that the quotient seminorm of S N via m N is S N +1 , for the following reason:
is not self-adjoint, the previous construction can be applied to ℜd and ℑd to prove that m N is a surjection.
Moreover, it is immediate that m 
are the canonical surjections. Moreover, if a ∈ F N and we write a ′ = y N (a), and if ε > 0, then there exists
As ε > 0 is arbitrary, the *-automorphism y N is 1-Lipschitz. On the other hand, for any d ∈ E N with p N (d) = a, we estimate:
∞ ) as F -quasi-Leibniz quantum compact metric space and drop the superscript N .
By [9, Corollary 6.25], for all ε > 0, there exists N ∈ N such that if n N then (E n , S n , π n , p n ) is a tunnel from (A n , L n ) to (F, Q) of extent at most ε. This is how we proved that (A n , L n ) n∈N converges to (F, Q).
We now extend this construction to modular tunnels. Fix N ∈ N again. We define:
For all ω ∈ R N , we set:
We also set for all ω = (ω n ) n∈NN , η = (η n ) n∈NN ∈ N N :
ω, η N = ω n , η n Dn n∈NN .
Note that ω, η N ∈ S N by construction since for all n ∈ N N :
Let Q N be the closure of R N in n∈NN P n . It is immediate to check that the S N -inner product of R N extends to an E N -inner product on Q N .
We now want to prove that (Q N , ·, · N , D N , E N , S N ) is a (F, H)-metrized quantum vector bundle. We already know that (E N , S N ) is a F -quasi-Leibniz quantum compact metric space and that (Q N , ·, · N ) is a Hilbert E N -module. We are left proving that D N is a D-norm.
First, if (ω n ) n∈NN then we check:
Second, we note that if ω = (ω n ) n∈NN , η = (η n ) n∈NN ∈ Q N then:
since H is increasing in both its variables. Last, note that:
and the right-hand side is compact by Tychonoff theorem. On the other hand, as the supremum of lower semi-continuous functions, D N is lower semi-continuous, and thus its unit ball is closed. As a closed set of a compact set, the unit ball of
THE DUAL MODULAR GROMOV-HAUSDORFF PROPINQUITY AND COMPLETENESS 33 ∀ω ∈ Q N W N (ω) = inf {D N (η) : q N (η) = ω} , allowing for the possibility that W N takes the value ∞. We already know that p N is a quantum isometry from (D n , L n ) to (A n , L n ). Hence by Lemma (5.1), we conclude that (R N , ·, · R N , W N , F N , Q N ) is indeed a (F, H)-metrized quantum vector bundle.
Just as was the case for the quasi-Leibniz quantum compact metric spaces, we check that the metrized quantum vector bundles (R N , ·, · R N , W N , F N , Q N ) are all fully quantum isometric.
The method is identical. We define:
and easily check that (m N , t N ) is a Hilbert module morphism from the Hilbert E N -module Q N to the Hilbert E N +1 -module Q N +1 . We know that the map m N is a quantum isometry. Now, if ω = (ω n ) n∈NN+1 ∈ Q N +1 , then since τ N is a modular tunnel, there exists ω N ∈ Q N such that Σ N (ω N ) = Θ N +1 (ω N +1 ) and
It is also immediate that t −1 N (J N +1 ) = J N . We thus have a unique surjective linear map z n : R N → R N +1 such that the following diagram commutes:
and (y N , z N ) is a Hilbert module isomorphism from R N to R N +1 . Following the same argument as before, we then show that (y N , z N ) is a full modular quantum isometry: if ζ ∈ dom W (M N , ·, · MN , D N , A N , L N ) .
If ω = (ω n ) n∈NN ∈ Q N , then we set Π N (ω) = Θ N (ω N ) ∈ M N . We easily check that if a = (a n ) ∈ S N then: So (π N , Π N ) is a Hilbert modular morphism from Q N onto M N . We also know that π N is a quantum isometry, so it is sufficient to prove the following in order to conclude (π N , Π N ) is a modular isometry.
Let η ∈ M N and D N (η) < ∞. Write l = D N (η). As τ N is a modular tunnel, there exists ω N ∈ P N with Θ N (ω N ) = η and D N (ω N ) = l. Now, assume that for some n N , there exists ω n ∈ P n with D(ω n ) l. As τ n is a modular tunnel, there exists ω n+1 ∈ P n+1 with D n+1 (ω n+1 ) l and Θ n+1 (ω n+1 ) = Σ n (ω n ) (since D n (Σ n (ω n )) l). By induction, we conclude that there exists (ω n ) n∈NN with Θ N (ω N ) = η N and D N ((ω n ) n∈NN ) = l = D N (η). This proves that (π N , Π N ) is a modular isometry.
Therefore, writing
By definition, the extent of this tunnel is given by the extent of its underlying basic tunnel.
As stated above, by [9, Corollary 6.25], for all ε > 0, there exists N ∈ N such that if n N , then the extent of τ n is no more than ε.
Therefore: lim n→∞ Λ * mod (A n , (R, ·, · , W, F, Q)) = 0.
We now conclude our theorem. If (A n ) n∈N is a Cauchy sequence of (F, H)-metrized quantum vector bundles for Λ * mod F,H , then it admits a subsequence (A f (n) ) n∈N satisfies n∈N Λ * mod F,H (A f (n) , A f (n+1) ) < ∞. We then can apply our work here to show that (A f (n) ) n∈N has a limit for Λ * mod F,H , and as a Cauchy sequence with a convergent subsequence, (A n ) n∈N converges for Λ * mod Proof. Let us be given a sequence (M n ) n∈N = (M n , ·, · n , D n , A n , L n , B n , M n ) n∈N of (F, G, H)-metrical quantum vector bundles such that:
For each n ∈ N, let (τ n , υ n ) be a metrical (F, G, H)-tunnel from M n to M n+1 of extent at most Λ * met F,G,H (A n , A n+1 ) + 1 2 n and write A n = (M n ) ♭ . We use the same notation as in the proof of Theorem (5.3), and in fact start from its conclusion. We write υ = (Y n , J n , µ n , ̟ n ) for all n ∈ N.
Fix N ∈ N. We write T N ((d n ) n∈NN ) = sup n∈NN J n (d n ) for all (d n ) n∈NN ∈ n∈NN Y n .
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By [9] and by Definition (4.6), if we set:
where the closure is taken in n∈NN Y n . By [9] , if I N = {(d n ) n∈NN ∈ W N : lim n→∞ d n Yn = 0} and if U N is the quotient norm of T N on U N = W N I N then (U N , U N ) is a F -quasi-Leibniz quantum compact metric space. Let r N be the canonical surjection W N ։ U N and
Again by [9] , the quadruple υ N = (W N , T N , k N , r N ) is a tunnel and lim N →∞ χ (υ N ) = 0. Moreover, for all N, M ∈ N, as in the proof of Theorem (3.21), the F -quasiLeibniz quantum compact metric spaces (U N , U N ) and (U M , U M ) are all fully quantum isometric in a canonical manner. Write (U, U) for (U 0 , U 0 ).
We now prove that U acts on R and satisfies the appropriate quasi-Leibniz identity. It is immediate to check that setting:
turns Q 0 into a left W 0 -module. Following the same method as in the proof of Theorem (5.3), we then conclude that R is indeed a left U-module. Now, let a ∈ U 0 . Let d = (d n ) n∈N ∈ W 0 with r(d) = a. Let ω ∈ R 0 , and let η = (η n ) n∈NN ∈ Q 0 with q 0 (η) = ω. Since G is increasing in each of its variable:
As G is continuous, we conclude that:
Therefore, (R, ·, · R , W, F, Q, U, U) is a (F, G, H)-metrical quantum vector bundle. Now, by definition, (τ N , υ N ) is a metrical tunnel and lim n→∞ χ (τ N , υ N ) = 0 as desired. This completes our proof.
